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The present work deals with the natural convection in a square cavity filled with the
water-based Au nanofluid. The cavity is heated on the vertical and cooled from the
adjacent wall, while the other two horizontal walls are adiabatic. The governing
differential equations have been solved by the standard finite volume method and
the hydrodynamic and thermal fields were coupled together using the Boussinesq
approximation. The main objective of this study is to investigate the influence of the
nanoparticles’ volume fraction on the heat transfer characteristics of Au nanofluids
at the given base fluid’s (i.e. water) Rayleigh number. Accurate results are presented over a wide range of the base fluid Rayleigh number and the volume fraction of
Au nanoparticles. It is shown that adding nanoparticles in a base fluid delays the
onset of convection. Contrary to many authors, it was shown here that the use of
nanofluids can reduce the heat transfer rate instead of increasing it.
Key words: Natural convection, Heat transfer, Nanofluid, Nusselt number

Introduction

Today more than ever, ultrahigh-performance and controlled heat transfer plays an
important role in the development of energy-efficient heat transfer systems and fluids which
are required in many industries and commercial applications [1, 2]. The idea of improving the
heat transfer performance of inherently poor conventional heat transfer fluids (e.g. water, oil
or ethylene glycol) with the inclusion of solid particles was first introduced by Maxwell [3].
However, suspensions involving milli- or micro-sized particles create problems (such as
sedimentation, clogging of channels, high pressure drop, and severe erosion of system
boundaries) and cannot be used in microchannel flow passages. For that, nano-sized particles
dispersed in a base fluid, known as nanofluid [4], have been developed, used and researched
extensively to enhance heat transfer. Generally, the thermal conductivity of the particles,
metallic or non-metallic, is typically an order of magnitude higher than that of the base fluids
even at low concentrations resulting in an unquestionable heat transfer enhancement in forced
convection applications [5-7]. But on the other hand, there is still a dispute on the role of
nanoparticles on the heat transfer characteristics for the buoyancy driven flow. Natural
convection (i.e. flow caused by the temperature induced density variations) is one of the most
extensively analysed configurations because of its fundamental importance as the
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“benchmark” problem for studying convection effects (and comparing as well as validating
numerical techniques). In addition to the obvious academic interest, this configuration has
relevance in various engineering systems (e.g. compact heat exchangers [8] and cooling
systems [9, 10], selective laser melting process [11]). Although quite some various different
conﬁgurations of the enclosure problem are possible [12-18], one of the most studied cases
involves the two-dimensional square enclosure with differentially heated isothermal vertical
walls and adiabatic horizontal walls [19, 20]. When the vertical walls are insulated to ensure
adiabatic conditions and the lower horizontal wall held at the higher temperature then one has
the Rayleigh–Bénard conﬁguration [21, 22].
The present study analyses the case where the horizontal walls are adiabatic and the
temperature difference driving the convection comes from the sidewalls as in the classic
benchmark paper of de Vahl Davis [23]. Although this conﬁguration has been studied
extensively for generalized Newtonian fluids, a comparatively limited effort has been directed
towards the understanding of the natural convection of nanofluids. To date, most of the
authors claim that the presence of nanoparticles in a fluid alters the flow structure and
increases the natural convection heat transfer. Recent numerical studies by Ternik et al. [24],
Ternik and Rudolf [25], Oztop et al. [26] and Abu-Nada and Oztop [27] illustrated that the
suspended nanoparticles increase the heat transfer rate substantially for any given Rayleigh
number. In addition they showed that the heat transfer rate in water-based nanofluids
increases with an increasing volume fraction of Al2O3, Cu, TiO2 and Au nanoparticles.
On the other hand, an apparently paradoxical behaviour of heat transfer deterioration
was observed in experimental studies. For example, Putra et al. [28] reported that the presence
of Al2O3 and CuO nanoparticles in a base fluid reduce the natural convective heat transfer for
the natural convection inside a horizontal cylinder heated from one end and cooled from the
other. However, they did not explain clearly why natural convective heat transfer is decreased
with an increase in volume fraction of nanoparticles.
The above review of the existing literature shows that the problem of natural
convection in a square enclosure filled with a water-based nanofluids is an issue still far from
being solved completely. Framed in this general background, the purpose of the present study is
to examine the effect of adding Au nanoparticles to the base fluid (i.e water) on the conduction
and convection heat transfer characteristics in a square cavity with differentially heated vertical
and adiabatic horizontal walls over a wide range of the fluid’s Rayleigh number and volume
fraction. In the present work we show that the relation expressing the local Nusselt number
which is still used by many authors [13, 26, 27] lead to results which differ significantly from
the one obtained with the thermodynamically valid (i.e. classical) expression [20-23] used in
natural convection flows of a single-phase fluids. In addition, our numerical results show that
the experimental results obtained by Putra et al. [28] are not at all paradoxical and provide an
explanation for their experimental result.
The rest of the paper is organised as follows. The necessary mathematical
background and numerical details are presented in the coming section, which is followed by
the grid refinement, numerical accuracy assessment and validation study. Following this
analysis, the results are presented and subsequently discussed. The main findings are
summarised and conclusions are drawn in the final section of this paper.
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Numerical method

The standard finite volume method, used successfully in many studies [19, 21, 24, 25,
29, 30], is used to solve the coupled conservation equations of mass, momentum and energy. In
this framework, a second-order central differencing scheme is used for the diffusive terms and a
second-order upwind scheme for the convective terms. Coupling of the pressure and velocity is
achieved using the well-known SIMPLE (Semi-Implicit Method for Pressure-Linked Equations)
algorithm [31]. The convergence criteria were set to 10-8 for all the relative (scaled) residuals.
Governing equations

For the present study, a steady-state flow of an incompressible water-based Au
nanofluid is considered. It is assumed that both the fluid phase and nano-particles are in thermal
and chemical equilibrium. Except for the density, properties of nanoparticles and fluid are taken
to be constant. Table 1 presents the thermo-physical properties of water and gold at the
reference temperature. It is also assumed that the Boussinesq approximation is valid for the
buoyancy force. Governing equations (mass, momentum and energy conservation) of such a
flow are [24-27]:
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where the cold wall temperature TC is taken to be the reference temperature for evaluating the
buoyancy term in the momentum conservation equation.
Table 1. Thermo-physical properties of the water-based Au nanofluid [21, 24, 25].
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Relationships between the properties of nanofluid  nf  to those of base fluid  bf 
and pure solid  s  are given with the following empirical models [24-27]:
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Geometry and boundary conditions

The simulation domain is shown schematically in fig. 1, where the two vertical walls
of a square cavity are maintained at different and constant temperatures (TH>TC), whereas the
other boundaries are considered to be adiabatic in nature. Both velocity components (i.e. vx
and vy) are identically zero on each boundary because of the no-slip condition and
impenetrability of rigid boundaries. The adiabatic temperature boundary conditions for the
horizontal insulated boundaries are given by T y  0 at y  0 and y  L .

Figure 1. Schematic diagram of the simulation domain.

To study the heat-transfer characteristics due to the natural convection in nanofluids
we introduced the local Nusselt number defined as [20-23]:
Nu 

Qnf ,conv
Qnf ,cond
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knf



L
T
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(4)
x 0

where Nu presents the ratio of heat transfer rate by convection to that by conduction in the
nanofluid in question, knf is the thermal conductivity and hnf is the convection heat transfer
coefficient of the nanofluid:
hnf  knf

T
x
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x 0 TH  TC
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It should be noted that the local Nusselt number as defined by eq. (4) differs from
the form that is still used frequently for the nanofluids, e.g [13, 26, 27]:
Nu* 

Qnf ,conv
Qbf ,cond



knf T
L
TH  TC kbf x

(6)
x 0

However, we believe that this definition of Nu* is inappropriate (from the thermo-dynamic point of view), because its value is always greater than 1.0 for   0% and this, in turn,
means, that the heat transfer in nanofluids cannot take place solely by the thermal conduction.
Finally, in the present numerical study, the heat transfer characteristics are analysed
in terms of the mean Nusselt number [19-27]:

Ternik, P., et al., Conduction and Convection Heat Transfer Characteristics of…
THERMAL SCIENCE:Year 2014, Vol. 18, Suppl. 1, pp. S189-S200

1
Nu 
L

S193

yL



Nu ( y )dy

(7)

y 0

and the ratio of the nanofluid heat transfer rate to the base fluid one [21]:
Qnf
Qbf



knf Nu nf

(8)

kbf Nu bf

at the same value of the base fluid Rayleigh number.
In order to investigate the influence of volume fraction on the heat transfer characteristics, the Rayleigh and the Prandtl number of the nanofluid can be expressed as [21]:
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Using eq. (8) we show that Ranf  Rabf and Prnf  Prbf for all values of  for the
nanofluids (fig. 2). The ratio of the nanoﬂuid Rayleigh number to the base fluid Rayleigh
number and nanofluid Prandtl number to the base fluid Prandtl number decreases with the
volume fraction of nanoparticles; i.e. for a fixed value of Rabf and Prbf , the value of Ranf
and Prnf decreases when adding nanoparticles.

Figure 2. Variation of Rayleigh number (a) and Prandtl number (b) of various nanofluids.

Grid refinement, numerical accuracy and validation

The grid independence of the present results has been established on the basis of a
detailed analysis at Rabf=105 and   10% using three different non-uniform meshes (elements
were concentrated towards each solid wall), the details of which are presented in tab. 2. The
table includes number of elements in a particular direction, as well as the normalized minimum
cell size.
With each grid refinement the number of elements in a particular direction is
doubled and the minimum element size is halved. Such a procedure is useful for applying the
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Richardson’s extrapolation technique, which is a method for obtaining a higher-order estimate
of the flow value (value at infinite grid) from a series of lower-order discrete values [32, 33].
Table 2. Characteristics of numerical meshes.
Mesh M1

Mesh M2

Mesh M3

Nx  N y

50  50

100 100

200  200

min L

2.0000  103

1.0000  103

5.0000  104

For the general primitive variable  the grid-converged (i.e., extrapolated to the zero





element size) value according to Richardson extrapolation is given by ext  M 3  M 2  M 3  r p  1

where M 3 is obtained on the basis of the finest grid and M 2 solution based on the next level of
the coarse grid, r  2 is the ratio between the coarse- and the fine-grid spacing and p  2 is the
expected order of accuracy.
The “percent numerical error” Error  M 2  ext  ext 100% for the mean Nusselt
number and the maximum non-dimensional vertical velocity component are presented in tab.
3. It can be seen that the differences in the grid refinements are exceedingly small and the
agreement between mesh M2 and the extrapolated value is extremely good (the discretisation
error levels are smaller than 0.40 %). Based on this, the simulations in the remainder of the
paper were conducted on Mesh M2 which provided a reasonable compromise between high
accuracy and computational efficiency.
Table 3. Grid refinement and numerical accuracy study.
Mesh M1

Mesh M2

Mesh M3

ext

Error

Nu

3.7800

3.7892

3.7915

3.7922

0.08%

v*y ,max

49.8354

50.3041

50.4433

50.4897

0.37%

In addition to the aforementioned grid-dependency study, the present numerical
results have also been compared against the well-known benchmark data of De Vahl Davis
[23] and recent results of Turan et al. [34] for natural convection of the Newtonian fluid in a
square cavity for the Rayleigh number values ranging from 103 to 106.
Table 4. Comparison of present results for the mean Nusselt number with other authors.
Pr  0.71

Pr  7

Present

[23]

Present

[34]

Ra  103

1.117

1.118

1.117

1.118

Ra  10

4

2.242

2.245

2.272

2.274

5

Ra  10

4.517

4.520

4.719

4.722

Ra  10

8.820

8.823

9.719

9.222

6
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The comparisons (summarized in tab. 4) between the present simulation results for
the mean Nusselt number with the corresponding benchmark values were found to be
excellent and entirely consistent with the aforementioned grid-dependency analysis.
Results and discussion

Temperature and velocity flow field
It is useful to inspect the distributions of dimensionless temperature  and
dimensionless vertical velocity v*y in order to understand the influences of Rabf and  on the
heat transfer characteristics during natural convection of water-based Au nanofluid in a square
enclosure. The distributions of  and v*y along the horizontal mid-plane y L  0.50 are
shown in fig. 3.

Figure 3. Variations of non-dimensional temperature (a) and non-dimensional vertical velocity
component (b) along the horizontal mid-plane.

It is evident from fig. 3a that the distributions of  become increasingly non-linear
for increasing values of Rabf. This statement is supported by the data plotted in fig. 3b which
demonstrates that the magnitude of the velocity component increases significantly with
increasing Rabf. For a given set of values of  an increase in Rabf gives rise to strengthening
of buoyancy forces in comparison to viscous forces, which can be seen from fig. 3b, where
the magnitude of v*y increases with increasing Rabf. As the convective transport strengthens
with increasing Rabf the distribution of  becomes significantly more non-linear with
increasing Rabf, see fig. 3a.
At Rabf=10 the distribution of  is completely linear and the vertical velocity
component is essentially negligible due to very weak flow as the effects of buoyancy forces
are dominated by viscous effects. Under this circumstance, the heat transfer takes place principally by conduction across the square enclosure. The effects of buoyancy force strengthen
relative to the viscous force with increasing Rabf, which, in turn, augments heat transfer by
convection due to stronger buoyancy-driven flow with higher vertical velocity magnitude.
This effect is clearly evident from fig. 3, which indicates that the vertical velocity magnitude
does indeed increase with increasing Rabf and that the distribution of non-dimensional tempe-
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rature becomes increasingly non-linear with the strengthening of convective transport for
higher values of Rabf .
On the other hand, fig. 3a illustrates that the thermal boundary layer thickness next
to the heated wall is influenced by the addition of nanoparticles to the base fluid. This
sensitivity of thermal boundary layer thickness to the volume fraction of nanoparticles is
related to the increased thermal conductivity of the water-based Au nanoﬂuid. As a matter of
fact, increased values of the thermal conductivity are accompanied by the higher values of
thermal diffusivity and the higher values of thermal diffusivity result in a reduction in the
temperature gradients and, accordingly, increase the thermal boundary thickness as
demonstrated in fig. 3a. Finally, this increase in the thermal boundary layer thickness reduces
the Nusselt number values.
Mean Nusselt number

Figure 4 presents the variation of the mean Nusselt number along the heated wall
with the Rayleigh number. For smaller values of the base- and nanofluid Rayleigh number
there is no convection in the nanofluid or the base fluid, and the heat transfer occurs due to
pure conduction, so the mean Nusselt number equals 1.0 and its value is independent of the
Rayleigh number. As the base fluid Rayleigh number increases, the nanofluid remains in the
conductive regime, while convection appears in the base fluid.

Figure 4. Variation of the mean Nusselt number with the base fluid Rayleigh number (a) and the
nanofluid Rayleigh number (b).

The point of occurrence of the convective heat transfer regime (i.e. the critical value
of the base fluid Rayleigh number at which the mean Nusselt number equals 1.01) depends on
the volume fraction of Au nanoparticles. The higher is the value of volume fraction, the more
delayed is the onset of convection (fig. 5a). When the nanofluid is in the convective heattransfer regime, the mean Nusselt number is a monotonic increasing function of the Rayleigh
number (figs. 4 and 5) and attains lower values for higher nanoparticles’ volume fraction (fig.
4) at a given base fluid Rayleigh number.
On the other hand, it is interesting to notice that the onset of convection occurs at the
same critical value of the nanofluid Rayleigh number, i.e. Ranf ,cr  264.6 (fig. 5b). Moreover, the value of the mean Nusselt number at a given nanofluid Rayleigh number is prac-
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tically independent of the nanoparticles’ volume fraction (fig. 4b) which is consistent with the
earlier findings in the context of the natural convection of generalized Newtonian fluids [22]
as well as Au nanofluids [19, 21]. This finding is a reflection of the nanofluid Prandtl number
values considered in the present study. Its value varies (decreases with the increasing volume
fraction as shown in fig. 2b) from Prnf (  0%)  6.84 to Prnf (  10%)  2.26 and for this
range of the nanofluid Prandtl number values (i.e. Prnf  1 ) the hydrodynamic boundary
layer thickness remains much greater than the thermal boundary layer thickness, and thus the
transport characteristics are driven primarily by buoyancy and viscous forces, which is
reflected in the weak Prandtl number dependence of the mean Nusselt number.

Figure 5. Onset of the heat transfer convection with the base fluid Rayleigh number (a) and the
nanofluid Rayleigh number (b).

Heat transfer rate

Fig. 6a shows the effect of the base fluid Rayleigh number on the ratio of heat
transfer rate for water-based Au nanoﬂuid for different values of the volume fraction. In the
range Rabf  264.6 the heat transfer occurs by pure conduction, so the ratio of heat transfer
is equal to the ratio of thermal conductivities and is constant and independent of the base fluid
Rayleigh number. For Ranf  264.6 and Rabf  264.6 the nanofluid remains in the
conductive regime, while convection appears in the base fluid. The heat transfer is more
important in the base fluid than in the nanofluid and the ratio of the heat transfer rate is on a
decrease. After the onset of the convective heat transfer regime in the nanofluid, the ratio of
the heat transfer rate is on an increase but remains lower than the ratio that is obtained when
both the nanofluid and the base fluid are in the conductive regime.
Finally, in fig. 6b, we observe that the heat transfer can decrease or increase
depending on the value of the base-fluid Rayleigh number. It is true that the addition of Au
nanoparticles in water increases its thermal conductivity, and, therefore improves the
conductive heat transfer in the nanoﬂuid compared to conductive heat transfer in the base
fluid. But, on the other hand, just after the onset of convection adding nanoparticles enhances
the heat transfer only for a given values of the temperature difference.
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Last but not least, the present conclusions can be extrapolated to other water-based
nanofluids (e.g. Cu, TiO2 and Al2O3), since their nanofluid Rayleigh and Prandtl number
values are within the range of the present (i.e. water-based Au nanoparticles) Rayleigh and
Prandtl number values.

Figure 6. Effect of the base fluid Rayleigh number on the ratio (a) and the enhancement (b) of heat
transfer rate.

Conclusions

In the present study, steady and laminar natural convection of water-based Au
nanofluids in a square enclosure with differentially heated vertical walls have been
studied by numerical means. The effects of the base- and nanofluid Rayleigh number and
solid volume fraction on the heat and momentum transport characteristics have been
investigated systematically.
The influence of computational grid refinement on the present numerical predictions
was studied throughout the examination of grid convergence. By utilising extremely fine
meshes the resulting discretisation error levels are below 0,40%.
The numerical method was validated for the case of Newtonian fluid natural
convection in a square cavity for which the results are available in the open literature.
Remarkable agreement of present results with the benchmark results yields sufficient
confidence in the present numerical procedure and results.
Highly accurate numerical results pointed out some important points, such as:
 In the side heated square cavity configuration, just after the onset of convection,
there is more heat transfer in the base fluid than in the nanofluid. For a fixed value
of the base fluid Rayleigh number, the nanofluid Rayleigh number decreases with
the increasing volume fraction of nanoparticles. Thus, the nanoparticles delay the
onset of convection.
 The onset of the convective heat-transfer regime occurs at the same value of the
nanofluid Rayleigh number.
 In the convective heat-transfer regime the mean Nusselt number increases
monotonically with the base-fluid Rayleigh number, but the mean Nusselt number
values obtained for the higher values of the nanoparticles’ volume fraction are
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smaller than those obtained in the case of the base fluid at with the same nominal
values of the base fluid Rayleigh number.
 The values of the mean Nusselt number at a given nanofluid Rayleigh number are
practically independent of the nanoparticles’ volume fraction.
 The heat transfer rate can decrease or increase depending on the value of the base
fluid Rayleigh number. So, an addition of nanoparticles increases the heat transfer
only for the given values of the temperature difference.
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