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In this pa per, we pres ent a nu mer i cal method based on ran dom sam pling for a par -
a bolic prob lem. This method com bines use of the Crank-Nicolson method and
Monte Carlo method. In the nu mer i cal al go rithm, we first discretize gov ern ing
equa tions by Crank-Nicolson method, and ob tain a large sparse sys tem of lin ear al -
ge braic equa tions, then use Monte Carlo method to solve the lin ear al ge braic equa -
tions. To il lus trate the use ful ness of this tech nique, we ap ply it to some test prob -
lems. 
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In tro duc tion

Re cently there are many meth ods to solve heat con duc tion equa tions that are used for
char ac ter iza tion ther mal prob lems, Tian et al. [1] com bined the Crank-Nicolson and Monte
Carlo meth ods to solve a class of heat con duc tion equa tions. Jia et al. [2] used the semi-in verse
method to es tab lish a variational prin ci ple for an un steady heat con duc tion equa tion. Liu et al.
[3] adopted He's frac tional de riv a tive to study the heat con duc tion in fractal me dium.

In this pa per, we will con sider a prob lem of de ter min ing an un known func tion  in the
heat con duc tion equa tion:

u a t u f x t x tt xx- = < < >( ) ( , ), ,0 1 0 (1)

with ini tial con di tion u(x, 0) = j(x), 0 < x < 1, and bound ary con di tions u(0, t) = a(t), u(1, t) =
=ib(t), t > 0, where a(t) > 0 is a known func tion and j(x), a(t), b(t), and f(x, t) are known con tin u -
ous func tions.

The Crank-Nicolson method is em ployed to discretize the prob lem do main. Ow ing to
the ap pli ca tion of the Crank-Nicolson method, a large sparse sys tem of lin ear al ge braic equa -
tions is ob tained, then we use Monte Carlo method to solve large sys tems of lin ear al ge braic
equa tions  AX = b, where  A Î Rn´n, and X, b Î Rn [4]. Monte Carlo al go rithms have many ad van -
tages. For one thing, these al go rithms are par al lel al go rithms, they have high par al lel ef fi ciency
[5], for an other thing, Monte Carlo meth ods are pref er a ble for solv ing large sparse sys tems of
lin ear al ge braic equa tions, such as those aris ing from ap prox i ma tions of par tial dif fer en tial
equation [6-9]. 
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Crank-Nicolson method for discretization

The do main [0, 1] ´ [0, T]  is di vided into an n ´ N mesh with the spa tial-step size h =
=i1/n  in the x di rec tion and the time-step size t = T/N, re spec tively. Grid points (xi, tk) are de -
fined by xi = ih, tk = kt, (0 £ i £ n, 0 £ k £ N). The no ta tion u

i
k is used for the fi nite dif fer ence ap -

prox i ma tion of u(ih, kt).We de fine the op er a tors:
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Let's con sider eq. (1) at point (xi, tk+1/2):
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by Tay lor's for mula:

¶

¶

¶

¶

¶

¶ ¶

2

2 1

2

2 1 2

3

2 1

u

x
x t

u

x
x t

u

x t
x ti k i k i k( , ) ( , ) ( ,/+ + += + / /

/

)( )

!
( , )(

2 1 1 2

4

2 2 1 1 2

1

2

t t

u

x t
x t t

k k

i ik k k

+ +

+ +

- +

+ -
¶

¶ ¶
x ) , /

2
1 2 1t tk ik k+ +< <x (3)

and
 ¶

¶

¶

¶

¶

¶ ¶

2

2

2

2 1 2

3

2 1 2

u

x
x t

u

x
x t

u

x t
x ti k i k i k( , ) ( , ) ( ,/ /= ++ + )( )

!
( , )( ) ,

/

/

t t

u

x t
x t t t

k k

i ik k k k

- +

+ ¢ -

+

+

1 2

4

2 2 1 2
21

2

¶

¶ ¶
x < ¢ < +xik kt 1 2/ (4)

hence
¶

¶

¶

¶

¶

¶

2

2 1 2

2

2

2

2 1

1

2

u

x
x t

u

x
x t

u

x
x ti k i k i k( , ) ( , ) ( , )/+ += +

é

ë
ê

ù

û
ú -

t
z

2 4

2 28

¶

¶ ¶

u

x t
xi ik( , ) (5)

where 1 £ i £ n – 1, k ³ 0, and tk < zik < tk+1. Sim i larly, we have:
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Take eqs. (5)-(7) into (2), we ob tain:
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Omit Rik from eq. (8), con sider ini tial con di tion and bound ary con di tions at point (xi,
tk), we have:
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with u
i
0  = j(xi), 0 £ i £ n, and uk

0
 = a(tk), un

k  = b(tk), k ³ 0.
Ac cord ing to eq. (9), we have:
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where r = t/h2, 1 £ i £ n – 1, k ³ 0.
Equa tion (10) can be writ ten as the fol low ing Ma trix form:

AU = b (11)

where
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Dis cus sion of the nu mer i cal re sult

In this sec tion, we per form nu mer i cal tests for the al go rithm de scribed in [1].
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Ex am ple 1. Con sider the prob lem  ut – a(t)uxx = f(x, t), 0 < x < 1, t > 0 with  u(x, 0) =
= (e–x + ex)e – ex, 0 < x < 1; u(0, t) = 2e e t -1 and u(1, t) = (e–1 + e)e e,e t- t > 0, where a(t) = et

and f(x, t) = e(x+t). The ex act so lu tion is u(x, t) = (e–x + ex)e e t – ex.
The re sults ob tained for u(x, t) are pre sented in tab. 1.

Ta ble 1. Re sult for u with g = 0.98, h = 0.1, t = 0.005, k = 11, and N = 5000

i
u1,k u5,k u9,k

Nu mer i cal Ex act Nu mer i cal Ex act Nu mer i cal Ex act

7 4.556774 4.556724 4.704200 4.703988 5.614308 5.613979

20 4.964895 4.964533 5.161609 5.161554 6.195289 6.195495

50 6.153402 6.153264 6.497873 6.495325 7.891494 7.890568

60 6.647447 6.647192 7.052375 7.049517 8.595858 8.594884

80 7.830298 7.829717 8.376961 8.376323 10.282640 10.281106

100 9.348352 9.347527 10.084721 10.079323 12.444029 12.445429

Ex am ple 2. Con sider the prob lem  ut – a(t)uxx = f(x, t), 0 < x < 1, t > 0 with  u(x, 0) = ex ,
0 < x < 1; u(0, t) = 2e e t -1 and u(1, t) = e t t+ 3 3/ , t > 0, where a(t) = t2 + 1  and f(x, t) = xt2 – x. The
ex act so lu tion is u x t xt xtx t t( , ) / ./= + -+ +e 3 3 3 3

The re sults ob tained for u(x, t) are pre sented in tab. 2.

Ta ble 2. Re sult for u with g = 0.98, h = 0.1, t = 0.01, k = 15, and N = 2000

i
u1,k u5,k u9,k

Nu mer i cal Ex act Nu mer i cal Ex act Nu mer i cal Ex act

10 1.212557 1.211843 1.772773 1.772893 2.628217 2.629488

20 1.333497 1.333730 1.921650 1.920463 2.832696 2.834588

40 1.646830 1.646405 2.329271 2.323305 3.409811 3.407616

60 2.111359 2.111290 2.964007 2.964443 4.342121 4.341071

80 2.853976 2.854390 4.045561 4.037469 5.927285 5.926223

100 4.127121 4.125985 5.936542 5.921368 8.728614 8.730917

Con clu sion

In this pa per, an al ter na tive method is pro posed to solve a par a bolic prob lem. We first
discretize gov ern ing equa tions by Crank-Nicolson method, and ob tain a large sparse sys tem of
lin ear al ge braic equa tions Ax = b, then use Jacobi over-re lax ation it er a tive method and Monte
Carlo method to solve the al ge braic equa tions. The nu mer i cal re sults show that the pro posed nu -
mer i cal method is ac cu rate to es ti mate the ex act so lu tions of eq. (1).
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