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In this paper, we present a new algorithm that improves muon-based generated tomography
images with increased precision and reduced image noise applicable to the detection of nuclear materials. Cosmic muon tomography is an interrogation-based imaging technique that,
over the last decade, has been frequently employed for the detection of high-Z materials. This
technique exploits a magnitude of cosmic muon scattering angles in order to construct an image. The scattering angles of the muons striking the geometry of interest are non-uniform, as
cosmic muons vary in energy. The randomness of the scattering angles leads to significant
noise in the muon tomography image. GEANT4 is used to numerically create data on the
momenta and positions of scattered muons in a predefined geometry that includes high-Z materials. The numerically generated information is then processed with the point of closest approach reconstruction method to construct a muon tomography image; statistical filters are
then developed to refine the point of closest approach reconstructed images. The filtered images exhibit reduced noise and enhanced precision when attempting to identify the presence
of high-Z materials. The average precision from the point of closest approach reconstruction
method is 13 %; for the integrated method, 88 %. The filtered image, therefore, results in a
seven-fold improvement in precision compared to the point of closest approach reconstructed
image.
Key words: muon tomography, multiple Coulomb scattering, GEANT4, nuclear material

INTRODUCTION
Cosmic muon tomography is theoretically
founded on the principle of multiple Coulomb scattering (MCS) [1]. The interaction of cosmic ray muons
with matter is mainly through a Coulomb interaction
between electrons and atomic nuclei. Interactions with
electrons lead to continuous energy loss and muon
stopping via ionization; interactions with nuclei result
in angular diffusion [2].This angular diffusion provides the basis for applications of cosmic ray muon tomography in cargo container scanning. In general, the
theory of MCS predicts a scattering angular distribution for the Coulomb interactions between charged
particles and atoms [3]. Lynch [4] extended Moliere's
theory1 to heavy charged particles such as muons, and
derived a general formula for the MCS of muon particles. According to this MCS formula, muon scattering
angles are determined by material properties that pre-

dominantly depend on the atomic number and density
of the penetrating materials. Due to its dependency on
atomic number and density, cosmic muon tomography
has been studied for the detection of concealed high-Z
materials [1]. In addition to Coulomb interactions, the
flux and energy of comic muons provide the means for
tomography to be applicable for large-scale interrogation imaging. The flux of cosmic muons at sea level is
equal to 1 muon/cm2/min, while the energy of the cosmic muons ranges from 0.1 GeV to 100 GeV [5]. The
energy of cosmic muons is high enough for Coulomb
scattering to be observed when muons pass through
high-Z materials [6]. However, cosmic muons do not
have uniform scattering angle distributions when interacting with certain materials, due to their varied energies [5]. This leads to significant noise production in
the tomography image. In order to reduce this noise,
filtering techniques must be used. Previous studies
1

*

Corresponding author; e-mail: tatjana@chemeng.utah.edu

Moliere's theory explains multiple Coulomb scattering of
...electrons and other charged particles

S. Lee, et al.: Novel Precision Enhancement Algorithm with Reduced Image ...
Nuclear Technology & Radiation Protection: Year 2016, Vol. 31, No. 1, pp. 51-64

52

have explored the application of such filters. A statistical filtering method is used to reduce noise, with the
filtered output resulting in a well-refined image [7].
Another study applied the median filter and the
Gaussian filter independently to reduce noise [8]. This
application efficiently removed noise in the muon tomography image.
This paper introduces a novel method based on
the use of synthesized statistical filtering methods to
reduce noise and improve the precision of muon-based
tomography. This method is developed using muon tomography images created using GEANT4. Numerically derived muon momenta and positions are then reconstructed in order to create a tomography image
using the point of closest approach (PoCA) reconstruction technique. An integrated filtering algorithm
is then compared to the median, mean and Gaussian
filtering methods, providing good agreements.

MUON CHARACTERISTICS,
TOMOGRAPHY AND INTERACTIONS

Muon characteristics
The muon (m) is an elementary particle similar to
the electron, with an electric charge of (–1e) and 1/2
spin, but with a much greater mass than an electron.
Table 1 shows the relationship between the muon and
other subatomic particles. The muon is a type of Lepton, meaning it does not have any further sub-structure. It is unstable due to its mean lifetime 2 of 2.2 µs.
Similar to other elementary particles, the muon has a
corresponding antiparticle, the antimuon; the
antimuon has opposite charge (+1e) and equal mass
and spin as the muon. Muons are denoted in this paper
by m–, and antimuons by m+.
Muons were discovered by Carl D. Anderson
and Seth Neddermeyer in 1936, while measuring the
energy loss of particles occurring in cosmic ray showTable 1. Characteristics of elementary particles in
Fermions and Bosons groups: muon is located in the
group of Fermions within the Lepton category [9]
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Figure 1. Cosmic ray air shower in the upper earth
atmosphere. Cosmic ray proton enters the atmosphere
creating a hadronic shower [13]

ers [10]. Anderson noticed that muon particles curved
differently than electrons and other known particles
when passing through a magnetic field. The projectile
motion of the muon had a less sharp curve than that of
an electron, due to its heavier mass of 105.7 MeV/c2
compared to the mass 0.511 MeV/c2 of an electron.
This makes muons almost 200 times more massive
than electrons [11]. Cosmic muons reach sea level
with a flux of 1 muon/cm2/min [5]. The Earth's atmosphere is constantly exposed to cosmic rays. Cosmic
ray protons are accelerated in deep space from supernova remnants that then interact in Earth's atmosphere,
creating so-called cosmic ray hadronic showers illustrated in fig. 1 [12]. These protons interact and create
other secondary particles; the muon is included among
these secondary particles.
Highly energetic cosmic ray protons interacting
with Earth's atmosphere create secondary particles including delta resonances and residual nuclei [14]. Production of delta resonance by proton collision with air
follows p + N ® D + N, where p represents protons, N
is the nuclei of elements in the atmosphere, and D is the
delta resonance.
The delta resonance produces a group of delta
particles, D–(ddd), D0(udd), D+(uud), and D++(uuu)
[11]. Charged pions can be produced from the following decay modes of D– and D++ with the mean lifetime
of (5.63 ± 0.14)×10–24 s [14]
D– ® n + p–: Production of pion (p–) and
neutron (n) by D– decay
D++ ® p + p+: Production of pion (p+) and
proton (p) by D++ decay
These pions then decay with a mean lifetime of
26 ns, resulting in the production of a muon and a neutrino, or gamma rays, depending on the parent pion
charge, as follows [11]

S. Lee, et al.: Novel Precision Enhancement Algorithm with Reduced Image ...
Nuclear Technology & Radiation Protection: Year 2016, Vol. 31, No. 1, pp. 51-64

p– ® m– + v m : Production of muon (m–) and
anti-muon neutrino (v m ) by p– decay
p+ ® m+ + nm: Production of muon (m+) and
muon neutrino (nm) by p+ decay
p0 ® g + g: Production of two gamma rays
(g) by p–0 decay
Upon reaching the Earth's surface, muons either
continue to slow down through additional interactions
or decay with a 2.2 ms mean lifetime [15]. Cosmic ray
muons decay into an electron (or positron) and two
neutrinos as follows
(e–),

m- ® e - + ne + nm : Production of electron
anti-electron neutrino (ne ), and muon neutrino
(nm) by beta-decay of m–

(e+),

m+ ® e + + v m + ne : Production of positron
electron neutrino (ne), and anti-muon neutrino
(nm ) by beta-decay of m–

Most cosmic ray muons are created near an
altitude of 15 km above sea level [5]. As they pass
through Earth's atmosphere, the cosmic ray muons
typically lose about 2 GeV due to ionization. The average energy of a cosmic ray muon at the Earth's surface
is 4 GeV. It seems that the 2.2 ms mean lifetime is too
short for a muon to travel 15 km from the atmosphere
to sea level; however, the relativistic effect of a 4 GeV
muon allows the muon to travel about 27 km during its
mean lifetime, which is long enough to reach the surface of Earth.

clear materials (SNM) [1]. The muon flux reaching
Earth's surface is enough to be applied in the tomography of large volumes such as reactors or cargo containers. This means that muon tomography does not require an artificial source. The principle of muon
tomography exploits the multiple Coulomb scattering;
the scattered angular width determines the material
properties [1].
Muon tomography requires two sets of detectors
that sandwich the examined volume; these detectors
provide information about muon scattering angles, indicating the presence of certain materials in the examined volume. These data are analyzed with the algorithms in order to construct a 3-D image. One typical
reconstruction method is the PoCA [20]. The PoCA
method finds the closest point between two linear
muon tracks and estimates a final scattering angle between them. The PoCA method is discussed in detail in
the section Point of closest approach to reconstruct
muon tomography images.
Muon interactions and multiple
muon coulomb scattering
To accurately explore the use of muon tomography, an understanding of muon interactions and multiple Coulomb scattering is needed. Those muon interactions of interest include ionization, bremsstrahlung,
pair production and muon-nucleus inelastic scattering.
The energy loss due to these interactions is generally
expressed as follows [21]
dE æ dE ö æ dE ö æ dE ö æ dE ö
=ç ÷ +ç ÷ +ç ÷ +ç ÷
dx è dx ø i è dx ø b è dx ø p è dx ø n

Muon tomography
Tomography is defined as imaging by sections
that may be visualized in three dimensions. One of the
first applications of tomography used X-rays to generate images of areas inside of the human body; the
X-ray source and film were moved in different directions to produce sectional images [16]. Medical imaging still relies on tomography for techniques such as
positron emission tomography (PET), single photon
emission computed tomography (SPECT), and computed tomography (CT) scans [17]. Cosmic muon tomography is applied to various fields, such as geological mapping, nuclear reactor imaging, and cargo
scanning. Muon tomography has also been proposed
as a method for volcanic activity prediction; this application is based in the measurement of cosmic muon
flux scattering in geological structures [18]. In nuclear
reactor analysis, muon tomography is adopted to identify the location and status of nuclear fuels. A muon
imaging system developed at Los Alamos National
Laboratory will be deployed at the Fukushima Daiichi
power plant in Japan by the end of 2015 [19]. Cosmic
muons have also been applied to cargo scanning, with
the intent to detect shielding materials and special nu-
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(1)

where „i” denotes ionization, „b” denotes bremsstrahlung, „p” denotes pair production, and „n” denotes nucleus inelastic scattering. These interactions are responsible for any energy loss as the muon penetrates a
material, and affect the angle deflection due to MCS
[22]. Therefore, in this section, these four major muon
interactions and MCS are described in a greater detail.
Ionization. Muons lose their energy by ionizing
the matter they interact with; this is because no
charged particles may avoid losing energy through the
ionization of matter. The ionization process is responsible for a continuous loss of muon energy due to the
interaction of the particle with atomic electrons in the
material. The rate at which this energy loss occurs is
well-described by the Bethe-Bloch formula [23]; for a
given material, the differential energy loss function
depends on the kinetic energy of a muon, as follows
-
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ds
dv

Figure 2. Energy loss of muons interacting with iron [24].
Muon energy loss is determined by the incident muon energy as well as its interactions (ionization, bremsstrahlung, pair production, and nuclear inelastic scattering)

where dE/dx, or stopping power, is the change in kinetic energy E over a distance x, NA – the Avogadro's
number, mec2 – the electron rest mass energy, z – the
unit charge of the incident muon, ( e 2/ 4pe 0 me c 2 ) is a
classical electron radius, Z – the atomic number, A –
the atomic mass, g – the Lorentz factor 3, I – the mean
excitation energy of the ionized atom, in eV, Tmax – the
incident muon energy, and d(bg) represents a density
effect correction to ionization energy loss. As an example to illustrate muon energy loss, fig. 2 shows the
trend in energy loss of a muon interacting with iron. In
the energy region of less than a few hundred GeV, the
ionization interaction dominates over other types of
interactions. At high energies, over a thousand GeV,
bremsstrahlung and pair production interactions dominate [24]. This is correlated to the cross section and
wavelength of the muon; muons with longer wavelengths have greater probability of collision with electrons in a given material. The contribution of nuclear
inelastic scattering interactions to the combined cross
section is small compared to the contribution of all
other interactions. However, nuclear inelastic scattering leads to the production of nuclear-electromagnetic
showers, and it determines the main source of hadron
background arising from high energy muon interactions [24].
Bremsstrahlung. Bremsstrahlung is electromagnetic radiation produced by the deceleration of a
charged particle when deflected by another charged
particle [25]. Muons produce bremsstrahlung while
passing through the electric field of a nucleus. The
muon bremsstrahlung cross section was originally calculated by Bethe [26]. The differential bremsstrahlung
cross section for muon interaction with a nucleus field
is defined as follows [27]

3

Lorentz factor connects time, length, and relativistic mass change
.for a moving particle

æ
ö 4 4
m
= aç 2Z e re ÷ æç - n + n 2 ö÷ ×
ç
÷
ø
brems, nucl
è Mm ø è 3 3
æ
ö
3 M m -2 / 3
ç
÷
k
Z
ç
÷
2
m
dn
e
(3)
× lnç
÷
2
n ç k e Mm
n -1 / 3
÷
+ 1÷
ç 2 m E 1- n Z
e
o
m
è
ø

where n is the fraction of the muon energy transferred
to a photon, Mm – the mass of the muon, re – the classical electron radius, k – a constant equal to 190, e represents natural logarithm of 2.718, and Eom is initial energy of the muon. Equation (3) shows that the cross
section for muon bremsstrahlung with a nucleus increases with atomic number; therefore, the number of
photons emitted increases with the Z of a material.
Muons may also interact with electrons as bremsstrahlung is produced. The cross section accounts for
bremsstrahlung loss in interactions with atomic electrons. For that, the influence of the electron recoil is ignored, since it is negligible. Therefore, a much better
approximation, which takes electronic binding into
account, is given by [27]
2
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The cross section for bremsstrahlung is a function of fractional energy transfer “n” as shown in eq.
(4). Due to dependence on the fraction of the muon's
energy transferred to a photon, the cross section increases with the high fractional energy transfer.
Direct Electron Pair Production. Direct electron
pair production is one of the most important muon interactions. It involves the formation or materialization
of two electrons, one electron and one positron, from
the kinetic energy of the muon, usually in the vicinity
of an atomic nucleus [14]. The cross section for direct
electron pair production in a Coulomb field was first
calculated by Racah [13].
Nuclear screening was later taken into account
by Kelner and Kotov [28]. With their approach, the average energy loss is obtained through a numerical integration, as follows

b pair, nucl = -

1 dE
E dx

=
pair, nucl

NA
A

1

ds

ò n dndn

(5)

0

where ds/dn is the differential cross section for pair
production. This equation is widely used in muon
transport calculations. The pair production due to interactions with atomic electrons is defined as follows
[13]
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lar distribution was assumed to follow a Gaussian distribution. The Gaussian function is defined as the
probability density function (PDF) for a differential
number of particles, which corresponds to the specific
angle as follows [1]
qx2

where g = 4.4×10–5 is defined for hydrogen and g = 1.95×10–5
refers to other materials. These constants including g are obtained from numerical analysis [13]. It can be seen, according to eq. (5) and eq. (6), that the energy loss from pair production decreases by increasing the atomic mass, A, of the
interacting atoms.
Nuclear inelastic interactions. At high muon energies, the inelastic interaction of muons with nuclei is
the dominant interaction type. In this energy region,
many simplifications can be made in order to obtain
convenient and simple relations for the interaction
cross section. For inclusive scattering where the scattering amplitudes are summed over all possible
hadronic final states, the unpolarized cross section can
be written as a function of two independent kinematic
variables [29]. Therefore, the differential cross section
for unpolarized deep-inelastic charged lepton scattering can be written, in the Born approximation, as [30]
d 2s
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=

(7)

where a is the electromagnetic coupling constant and
F1(x, Q2) and F2(x, Q2) are the unpolarized structure
functions of the nucleon.
Q2 = –q2 = – (k – k')2 = 4EE ' sin2q
is the squared four-momentum transfer. In this equation,
k, k', p and q are the four-vectors of the initial and final
state lepton, the target nucleon, and the exchanged
boson. n = pq/M = E' – E is the energy transferred to the
hadronic system. M is the mass of the target nucleon,
whereas the lepton mass has been neglected. E, E', and q
are the energies of the incident and scattered lepton, and
the lepton scattering angle, in the laboratory frame. Here,
x = Q2/2 pq = Q2/2 Mv and y = pq/pk = v/E are the scaling
variables.
Multiple muon coulomb elastic scattering. The
interaction of a muon with a nucleus results in its angular deflection [13]. This angular deflection provides
the basis for applications of cosmic ray muons in tomography [1]. When a muon passes through matter, it
is deflected by a certain scattering angle. These deflections are due to Coulomb interactions between muons
and atoms, since muons are charged particles [5]. Cosmic muons that penetrate a given medium undergo
MCS events due to their energetic nature. The theory
of multiple Coulomb scattering was developed by
Bethe [31]; in this method, the muon scattering angu-

2
dN
1
=
e 2q0
dq x
2pq0

(8)

where N is the number of muons, qx – the scattering angle in the 2-D plane, and q0 – the root mean square
(RMS) of the scattering angle distribution. Along with
the 2-D Gaussian distribution, tomography considers
a 3-D image. Therefore, the spatial angle, qspace, is defined as the scattering angle between the incident and
scattered muons in 3-D space. The projection of a scattered angle onto the 2-D plane is defined with qplane,x
in the y-z plane and with qplane,y in the x-z plane. The
RMS width for each angular distribution is
plane, x
plane, y
, because, according to the
q0 = qRMS
= qRMS
MCS, q0 is defined as an RMS width of scattered angles projected on the planes [32]. An RMS width in the
plane , x
y-z pane, qRMS
, and an RMS width in the x-z plane,
plane , y
qRMS , are orthogonal to the z direction, so it can be
derived as follows
space 2
plane , x 2
plane , y 2
( qRMS
) = ( qRMS
) + ( qRMS
)

(9)

space
From there we obtain q0 = qRMS
/ 2 [33].
Based on the Gaussian function, the MCS is derived to estimate the root mean square (RMS) width of
an angular distribution. The distribution can be estimated as a zero mean Gaussian for the central 98 % of
the angles [4]. The MCS formula for muons is:

q0 @

13.6 MeV/c
p

x
X0

(10)

where 13.6 MeV/c is calculated by considering a distribution of the central 98 % of the angles, p[MeV/c] is
the muon momentum, q0 [radian] is RMS of a scattering angle width, x [cm] is the material thickness, and
X0 [cm] is the radiation length, which represents an average travelling distance in a given material [4] defined with
A
X0 =
[gcm –2 ] (11)
2
-1. 3
4aN A Z ( Z + 1)re ln(183Z )
where Z and A are the atomic number and mass number
of a material, respectively, and the constant of 183 represents an approximated parameterization of the
Thomas-Fermi potential4 [34]. The simplified form of
this equation is as follows [34]
A
716.4
(12)
r Z ( Z + 1) ln( 287/ Z )
where r (g/cm3) is the density of interacting material.
X0 =

4

The Thoms-Fermi potential is a theoretical approach to calculate
...the effects of electric field screening by electrons
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Equations (10) and (12) introduce a correlation
between the scattering angle and the atomic number,
Z. The MCS sensitivity to Z provides an understanding
of the discrimination between different materials of
similar densities. The radiation length decreases with
the charge density of a material. A high-Z material
with high density has a shorter radiation length; therefore, muons will be deflected by a larger angle in a
high-Z material [35]. For example, a 10 cm thick material will scatter a 3 GeV muon with an angle of 2.3
milliradians in water, 11 milliradians in iron and 20
milliradians in lead [1]. The scattering angle, therefore, increases with increasing-Z material. By tracking
the scattering angles of individual muons, high-Z materials can be distinguished from low- or medium-Z
materials. This principle is applied to cargo scanning
to identify shielding materials, as described in the following sections.

STATISTICAL FILTERING METHODS AS
APPLIED TO COSMIC MUON TOMOGRAPHY
IMAGES

Point of closest approach to reconstruct
muon tomography images
The magnitude of the muon scattering angle is
determined by the interacting material density and
atomic number as defined with eq. (10). In order to
construct a tomography image from muon interactions, scattering angle and interaction positions are required. In this paper we present a reconstruction algorithm, developed to obtain scattering angles and
interaction positions [36]. The Point of Closest Approach (PoCA) [20] is selected as a method for reconstructing the images. The PoCA reconstruction
method is based on a geometrical method for finding a
muon interaction point and a scattering angle between
the incident and scattered muon. This method determines the closest point of two linear muon tracks to estimate a final scattering angle between them; this is illustrated in fig. 3.
The primary assumption in applying PoCA is
that the MCS is neglected by assuming one scattering
interaction between the initial and final muon tracks.

Figure 3. Illustration of the point of closest approach
(PoCA)

Therefore, the angle between the incident vector and
scattered vector is considered as the scattering angle,
and the medium position of the point of closest approach is related to the position of interaction [37]. In
the 2-D plane, if two lines are not parallel, they always
intersect. However, the two lines may not intersect in
3-D space, even though they are not parallel. The
PoCA reconstruction method may be used to find the
closest point of the two vectors, in order to obtain the
scattering interaction position, as follows
r
r
r
T1 = P1 + iV1

and

r
r
r
T2 = P2 + iV2

(13)

r
r
where T1 and T2 are the posirtion vec
r tors of the incident
and scattered muon tracks,
and
P
P
r 1 r 2 are the initial and
final position vectors, V1 and V2 are the momentum
vectors, and i represents
ther ith position of the muon
r
track. Hence, when T1 and T2 have the minimum distance of their ith positions, the middle point between
those two positions is taken as the interaction position.
In a typical muon tomography system, gas electron multiplier (GEM) detectors detect the positions
and directions of incident and scattered muons using a
coincidence counting method [38]. In this paper,
GEANT4 is used to generate these positions and directions for various muon energies and materials.
GEANT4 is a toolkit used to simulate the transport of
various subatomic particles, including muons,
through matter [39]. The code includes muon
cross-section data, and can therefore be used to track
muon interactions. The GEANT4 model presented
here consists of a 40 cm × 40 cm × 40 cm iron box with
0.5 cm thickness, as sketched in fig. 4. Inside this iron
box, there are three 4 cm ´ 4 cm ´ 4 cm cubes of various materials, such as lead and uranium. Since it is a
first validation test, we used a simple model to develop
a preliminary image-filtering methodology. Other
similar studies applied simplified geometries as well,
such as 100 cm × 20 cm × 25 cm [35], 30 cm × 30 cm ×
´ 30 cm [40], and 60 cm × 60 cm × 30 cm [41]. The
GEANT4 model, sketched in fig. 4, includes four detectors used to record the muon tracks, providing information about the positions and momenta of both the
incident and scattered muons. The two detectors at the
top record the initial positions and vectors of the incident muons, while the two at the bottom record final
positions and vectors of the scattered muons.
The GEANT4 simulated muon momenta are
converted into muon scattering angles, qspace, using
the PoCA reconstruction approach based on the principle of arccosine [33], as follows
rr
æ rq ö
÷
(14)
q space = arccosç
ç p q÷
è
ø
r
r
where p is the vector of an incident muon, and q is the
vector of a scattered muon. This GEANT4 model is
run with100,000 histories to observe one hour of exposure time. The upper area is 1,600 cm2 and the muon
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Figure 4. Geometric design for a GEANT4 model for
generating muon tomography image

flux is counted at the rate of 1 muon/cm2/min at sea
level [5]. The purpose of this model was to develop the
filtering methodology; in this case, an exposure time
of one hour is considered sufficient. Out of 100,000
muons, 2,400 muons scattered out of the geometry
boundary; the remaining 97,600 muons provided the
information required for the calculation of the interaction positions and scattering angles, based on eqs. (13)
and (14), respectively. Figure 5 shows the PoCA reconstructed tomography image for the geometry illustrated in fig. 4. The high level of noise, produced as a
result of varied cosmic muon energies, as described in
the section Muon characteristics, is clearly observed
in fig. 5. Various filtering methods are required to reduce this noise [7]. Here we present the statistical filtering methods of the median, the mean and the
Gaussian smoothing techniques used to select the most
efficient filtering method.

Statistical filtering methods
Median filtering: In signal processing, filtering
reduces noise by emphasizing or suppressing structural signals in an image [42]. The median filter is a
statistical filtering process used to reconstruct images;
it is typically used to remove noise by finding a median
value among selected pixels in 2-D or among voxels in

Figure 5. PoCA reconstructed muon tomography image
generated with GEANT4 model of the cube shown in fig.
4 (in this figure three small cubes made of lead are placed
inside a large iron hollow box)
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Figure 6. Median filtering replaces each entry with the
median value of the neighboring entries in a matrix, thus
reducing the noise

3-D [42]. The median filter considers each pixel or
voxel as a certain matrix, and it replaces the values of
each pixel or voxel to the representative median value
as illustrated in fig. 6.
For this filtering method, a voxel matrix is determined with each voxel size of 2 cm × 2 cm × 2 cm. Positions for each voxel are defined as follows
Position ( p th voxel ) = ( l - 1)NM + ( m - 1)N + n (15)
where the x-axis has a grid numbering of 1, 2, ... n ... N;
the y-axis is defined with the grid numbering of 1, 2, ...
m ... M; and the z-axis is defined with the grid of 1, 2, ...
l ... L.
Mean filtering. Mean filtering is another simple
smoothing method used to reduce the noise in generated images. When noise varies randomly above and
below a nominal brightness value, it can be reduced by
averaging neighboring values [42].
The idea of mean filtering is simply to replace
each pixel/voxel value with the average value of its
neighbors, including its own value as shown in fig. 7.
The original matrix has the same value as the one
shown in fig. 6. It can be seen that the resulting mean
filtering effect is different from the median filtering.
The mean filtering method eliminates pixel/voxel values that are unrepresentative to their surroundings,
such as salt and pepper noise. Therefore, the mean filtering method is generally used to produce a better estimate of the values, when the average is taken over a
homogeneous area [43]. This mean filter is applied
with the same size voxel of the median filter for the
comparison to noise reduction. The average scattering
angle in the pth voxel is defined as follows

Figure 7. Mean filtering replaces each entry with the
mean value of the neighboring entries in a matrix thus
reducing the noise
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Average scattering angle of p th voxel =
1 N
= æç å scattering angle i ö÷
è N i =1
øp

(16)

where N is total number of scattering angles in the pth
voxel.
Maxwell Boltzmann shift of mean values. According to Moliere's theory, the angular distribution of
Coulomb scattered muons follows a Gaussian distribution. It is assumed that an average angle from the
mean filter is the same as the mean of the Gaussian distribution [44]. However, the simulated scattering angle distributions show a statistical similarity with the
Maxwell-Boltzmann distribution rather than with the
Gaussian distribution.
Several cases are evaluated for muon multiple
Coulomb scatterings, using 100,000 histories (or, one
hour of exposure) in GEANT4; these cases are described
in tab. 2. These cases are determined to observe muon
scattering angles with low-Z (aluminum), medium-Z
(iron), and high-Z (lead and uranium) materials for two
different muon energies, 0.3 GeV for medium energy
and 3 GeV for high energy. A solid box composed of aluminum, iron, lead or uranium is modeled for muon interactions. Figure 8 shows a GEANT4 model of muon scattering interactions with an aluminum, iron, lead or
uranium box. Scattered angles of muons are calculated in
3-D space, using an inner product of arccosine given
with eq. (14). Simulated scattering angle distributions are
fitted with the Maxwell-Boltzmann distribution [45]
based on eq. (17). For the ideal fitting, one additional parameter k is included in the general equation of the
Maxwell-Boltzmann distribution, as follows

f (x ) =

æ ( q space + k ) 2
2 q space2
çexp
ç
p a3
2a 2
è

ö
÷
÷
ø

(17)

where qspace is the spatial scattering angle, and a and k
are coefficients of the distribution.
Table 2. Calculated root mean square (RMS) widths
using eq. (10), as well as mode from eq. (18) and mean
from eq. (19) for twelve scattering distributions

Thickness:
10 cm /
Muon
energy:
0.3 GeV
Thickness:
10 cm /
Muon
energy:
3 GeV
Thickness:
5 cm /
Muon
energy
0.3 GeV

Al
Fe
Pb
U
Mean
0.052
0.143
0.294
0.476
Mode
0.047
0.132
0.265
0.422
a
0.076
0.215
0.431
0.686
k
0.202
0.571
1.143
1.809
Chi-square 1.19×10–4 4.85×10–5 3.22×10–5 2.98×10–5
Mean
0.006
0.015
0.029
0.042
Mode
0.005
0.013
0.027
0.038
a
0.008
0.022
0.043
0.061
k
0.022
0.057
0.115
0.163
Chi-square 2.58×10–4 5.72×10–4 2.10×10–4 1.35×10–4
Mean
0.034
0.09
0.182
0.269
Mode
0.031
0.081
0.162
0.239
a
0.05
0.133
0.265
0.39
k
0.134
0.353
0.704
1.035
Chi-square 2.04×10–4 7.36×10–5 4.27×10–5 3.86×10–5

Figure 8. GEANT4 model of muon scattering
interactions: The model utilizes an aluminum, iron, lead
or uranium box (the thickness of each individual box is
5 cm or 10 cm as shown in tab. 2)

Figure 9 shows the fitting curves with the modified
Maxwell-Boltzmann distribution, processed with the
GEANT4 modeled scattering angle distributions. Figure
9 shows only one case, however the fitting processes are
done for twelve cases of tab.2 to calculate the coefficients. In addition to these coefficients, the chi-square
values estimated in tab. 2 are very small, indicating a
well-fitting curve. The mode, which is the most frequently occurring value, has the same value with the
mean in the Gaussian distribution due to the symmetrical
shape of the plot; however, the mode is not equal to the
mean in the Maxwell-Boltzmann distribution [46]. The
mode of the modified Maxwell-Boltzmann distribution
is as follows
1
mode = ( -k + 8a 2 + k 2 )
2

(18)

Table 2 introduces the calculated mode from eq.
(18) and the mean from eq. (19) of each muon scattering distribution as shown in fig. 9. The mean of the discrete probability distribution is calculated using the
following formula
N
å xi p( xi )
(19)
mean = iN
å p( xi )
i

where xi denotes the numerically calculated muon
scattering angles, and p(xi) is the probability of the
scattering angle. These estimated means and modes
are plotted in fig. 10, showing that they have a linear
correlation.
The correlation of fig. 10 results in the following
linear formula
mode = 0.88744 ´ mean + 0.00098

(20)

Figure 9. GEANT4 modeled muon scattering angle
distribution and fitted Maxwell-Boltzmann distribution:
Distributions are from modeling for lead (10 cm) with
0.3 GeV muon shown in tab. 2
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Figure 10. Mode of eq. (18) vs. mean of eq. (17):
The mode and mean have a linear correlation to
each value

Mean filtered tomography data are transferred
into the Maxwell-Boltzmann shift defined with eq.
(20), since it is assumed that the mode, which is the
most frequently occurring angle, is the best value to
represent the actual muon scattering angle. These
shifted results are discussed in the section Validation
of the integrated statistical filtering method.
Integrated filtering algorithm with
Gaussian smoothing
The integrated filtering algorithm is developed
to refine the PoCA reconstructed tomography image
by fusing statics filtering methods. The algorithm follows three main steps: mean filtering, Maxwell
Boltzmann shift, and Gaussian smoothing. Gaussian
smoothing is similar to the mean filter; however, it reduces the weight of the input value with increasing distance from the center value, rather than weighing all
input values equally from the mean filtering [42].
Gaussian smoothing effectively identifies concentrated points [47] and is suitable for finding dense
points, such as high-Z materials, in a muon tomography image. This feature is used to create blurred images and remove noise by applying the following
equation [47]
1

x2 + y2
2

(21)
e 2ps
2ps 2
where s is the standard deviation and x and y give the
location on a plane. This formula may be applied only
to the 2-D plane; tomography requires 3-D imaging.
Therefore, eq. (21) is applied to generate refined images of x-y planes along the z-axis for the 3-D application. This Gaussian smoothing is used in the integrated
filtering algorithm as shown in fig. 11. Mean filtered
data is adopted as the first filtering step in the algorithm instead of median filtering, since the
Maxwell-Boltzmann shift defined with eq. (20) exploits mean values to calculate the mode of the muon
scattering angle distribution. After that, the
Maxwell-Boltzmann shifted data is refined in the
Gaussian smoothing filter using eq. (21). By analyzing
the cumulative scattering angle ratio, the threshold of
the scattering angle is set at 56 milliradians, which has
G l ( x, y ) =

Figure 11. Schematics diagram of the integrated filtering
method; this algorithm is applied to fully refine
a GEANT4 generated muon tomography image

about a 95 % cumulative scattering angle ratio. Therefore, if a scattering angle is less than 56 milliradians,
the angle is considered noise and the algorithm cuts off
the values to refine the tomography image.
Thus, the following advantages can be expected
by using the integrated filtering algorithm:
– The combined statistical filtering methods reduce
random noise caused by cosmic muons.
– The algorithm decreases the uncertainty of estimated scattering angles to identify high-Z materials.
– The threshold of the scattering angle allows for the
simulation to distinguish high-Z materials.
– The position identification method has the benefit
of determining the location of interaction.
Despite the fact that the tomography images are
filtered in the three steps of the mean filter, the
Maxwell-Boltzmann shift, and the Gaussian smoothing, the integrated algorithm presented in fig. 11 requires a threshold to eliminate the noise scattering angles. The threshold is determined by modeling a
scattering angle distribution of an empty box, which
results in scattering interactions with only air. These
simulated scattering angles are plotted in fig. 12.
VALIDATION OF THE INTEGRATED
STATISTICAL FILTERING METHOD

Verification for noise reduction
The feasibility of the integrated filtering algorithm is tested by refining the simulated tomography
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Figure 12. Cumulative scattering angle distribution of
the MCS interaction with air: air (a low-density material) has that 95 % of the cumulative scattering angle is
below 56 milliradians (based on the eqs. (10) and (12)); a
saturation is thus for angles larger than 56 milliradians)

images. High-, medium- and low-Z materials were
modeled to check the application for various conditions. The aim of this verification is to distinguish only
high-Z and not medium- or low-Z materials. PoCA reconstructed images are used as input data for the filtering algorithm sketched in fig. 12. The voxel size for
the statistical filtering methods is defined as 2 cm ×
´.2 cm × 2 cm. The reconstructed 3-D tomography images are compared to find the best performed filtering
method. Figure 13 shows filtered images of three lead
cubes inside a container, and the results show that the
image from the integrated filtering algorithm is the
best for noise reduction.
A standard deviation of 0.7 is selected for the
Gaussian filtering method, as this value maximizes
precision. The filtering results for tungsten and uranium cubes are shown in figs. 14 and 15, respectively.
The true location of these three cubes is indicated with
lined cubes in the plots.
Figures 13, 14, and 15 show the successful identification of high-Z materials. The filtering method is
not expected to recognize medium-Z materials like
iron or low-Z materials like aluminum; because of this,
false identification of high-Z materials may be
avoided. Figure 16 shows the filtered tomography images for aluminum and lead cubes inside containers,
and it does not distinguish these materials. Although
there is a small amount of random noise in fig. 16 (b),
the integrated algorithm recognized no high-Z materials. The integrated algorithm is proven effective for
noise reduction and the accurate discrimination of
high-Z materials exclusively.
Precision improvement based
on the integrated filtering algorithm
Verification of noise reduction using the integrated filtering algorithm is described in the section
Verification for noise reduction; this verification,
however, is not sufficient to confirm that the integrated
filtering algorithm is the most effective one. For better
evaluation in quantifying the detection performance

Figure 13. Refined cosmic muon tomography images of
three lead cubes using (a) median filtering, (b) mean filtering, (c) mean filtering with Maxwell Boltzmann shift,
and (d) integrated filtering algorithm
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Figure 14. Refined cosmic muon tomography images of
three tungsten cubes using (a) median filtering, (b) mean
filtering, (c) mean filtering with Maxwell Boltzmann
shift, and (d) integrated filtering algorithm
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Figure 15. Refined cosmic muon tomography images of
three uranium cubes using (a) median filtering, (b) mean
filtering, (c) mean filtering with Maxwell Boltzmann
shift, and (d) integrated filtering algorithm
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Table 3. Precision ratios of each statistical filtered
tomography image for lead cubes
PoCA
Median filtering
Mean filtering
a*
b*(s = 0.5)
b*(s = 0.7)
b*(s = 1)
b*(s =1.5)

Precision ratio
687/6381
6/18
46/83
39/71
31/51
16/17
1/1
0/0

Precision ratio in [%]
11 %
33 %
55 %
55 %
61 %
94 %
100 %
–

a* mean filtering with Maxwell Boltzmann shift
b* integrated filtering algorithm

Table 4. Precision ratios of each statistical filtered
tomography image for tungsten cubes
PoCA
Median filtering
Mean filtering
a*
b*(s = 0.5)
b*(s = 0.7)
b*(s = 1)
b*(s = 1.5)

Figure 16. Refined cosmic muon tomography images;
(a) three aluminum cubes and (b) three iron cubes using
the integrated filter

indicators, a numerical analysis from the statistical hypothesis testing is adopted and the precision ratios are
obtained based on:
Precision ratio = (Recognized in the correct position)/
(Recognized in the correct position and the wrong position)
Precision ratio values for each of the analyzed statistical filtering methods are shown in tabs. 3, 4, and 5.
The integrated algorithm with the standard deviation, s, equal to 1 in eq. (21), shows the best precision
value; however only one scattering angle has a higher
value than the threshold to detect three lead cubes as
presented in tab. 3. This means that the other two lead
cubes are not recognized as being made of high-Z material. Therefore, the standard deviation, s, of 0.7, as
defined in eq. (21), is selected as an adequate standard
deviation for the filtering method. The average precision from the PoCA reconstruction is 13 %; from the
integrated method, 88 %.This method results in a
seven-fold improvement in precision analysis, on average.
Table 6 presents close to 97,700 scattering angle
values obtained with the PoCA reconstruction method
and 5,832 scattering angle values obtained with the integrated filtering algorithm. Fewer scattering angle

Precision ratio
936/6567
24/46
61/128
58/111
56/83
49/56
25/25
0/0

Precision ratio in [%]
14 %
52 %
48 %
52 %
67 %
88 %
100 %
–

Table 5. Precision ratios of each statistical filtered
tomography image for uranium cubes
PoCA
Median filtering
Mean filtering
a*
b*(s = 0.5)
b*(s = 0.7)
b*(s = 1)
b*(s = 1.5)

Precision ratio
866/6458
19/36
60/133
57/113
52/79
43/52
1/1
0/0

Precision ratio in [%]
13 %
53 %
45 %
50 %
66 %
83 %
100 %
–

Table 6. Comparison of the total number of scattering
angles obtained with PoCA reconstruction method and
integrated filtering algorithm
Material

Data from the PoCA
reconstruction

Lead
Tungsten
Uranium

97668
97694
97673

Data from the
integrated filtering
algorithm
5832
5832
5832

values were obtained with the integrated filtering algorithm, demonstrating its ability to reduce the
number of data points needed for analysis. The increase in precision, accompanied by the reduction of
necessary data, allows for shorter inspection time;
which is an important factor for cargo monitoring.
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CONCLUSIONS

Cosmic muon tomography is an emerging technology employed to detect high-Z materials in cargo
[48]. However, cosmic muons scatter off to non-uniformed scattering angles, producing noise in the tomography image. Hence, if cosmic muon tomography
uses only the PoCA reconstruction method, its clarity
and precision are limited.
To resolve this limitation, an integrated filtering
algorithm, which is mainly composed of three statistical filtering methods, is introduced. The algorithm was
tested to distinguish between high-Z, low-Z, and medium-Z materials. The integrated filtering algorithm
shows seven times better improvement in the precision
than the PoCA method. An additional advantage to the
integrated filtering method is data reduction; this ultimately reduces the inspection time.
For future work, the application of muon tomography can also be extended to the real-time monitoring
of nuclear facilities and inventories for the purpose of
nuclear non-proliferation and reactor safety. However,
in these applications, the random scattering angles between cosmic muons and nuclear fuels will produce
noise in generated muon tomography images. Therefore, the developed integrated filtering method may be
used to reduce noise and to increase detection precision.
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Sangkju LI, Amanda FOLEJ, Tatjana JEVREMOVI]
NOVI ALGORITAM ZA PRECIZNU I EFIKASNU
ANALIZU MIONSKE TOMOGRAFIJE
U ovom radu prikazujemo novi algoritam sa pove}anom precizno{}u i efikasno{}u
mionske tomografije, sa primenama u detekciji nuklearnh materijala. Kosmi~ka mionska
tomografija je tehnika ispitivawa koja se posledwih decenija sve vi{e koristi za detekciju
te{kih materijala prisutnih u odre|enoj zapremini. Tehnika mionske tomografije zasniva se na
uglovima rasejawa miona na osnovu kojih se zapravo generi{e slika ispitivane geometrije. Uglovi
rasejawa miona posle interakcija nisu uniformni zato {to mioni imaju spektar energija.
Neuniformna raspodela uglova rasejawa miona pove}ava nejasno}u prikazane slike. GEANT4 je
kori{}en da se numeri~kim putem generi{u podaci o mionskom rasejawu (uglovi i pozicije) u
geometriji unapred definisanoj, sa sadr`ajem materijala visokog Z. Generisani imixi su onda
procesirani metodom "closest approach" (PoCA); statisti~ki filtering metod je zatim razvijen sa
ciqem da se rekonstrui{e PoCA slika. Tako isprocesuirana slika pokazuje pove}anu jasno}u,
precizinija je u odre|ivawu prisutnosti raznih materijala, {to ovaj metod ~ini efikasnijim u
pore|ewu sa PoCA metodom. Pove}ana preciznost dosti`e 88 % u pore|ewu sa PoCA precizno{}u
od samo 13 % u detekciji nuklearnih i drugih te{kih materijala.
Kqu~ne re~i: mionska tomografija, vi{estruko kulonovsko rasejawe, GEANT-4, nuklearni
..........................materijal

